Abstract: An indefinite permittivity medium (IPM) has been fabricated and optically characterized in mid-infrared spectral range (10.7 µm11.3 µm). Phase and amplitude transmission measurements reveal two remarkable properties of IPMs: (i) transmission of sub-diffraction waves (as short as λ/4) can exceed those of diffraction-limited ones, and (ii) sub-diffraction waves can propagate with negative refractive index. We describe a novel double-detector optical technique relying on the interference between subdiffraction and diffraction-limited waves for accurate measurement of the transmission amplitude and phase of the former. 
Introduction
Indefinite permittivity media (IPMs) [1] , sometimes called "hyperbolic metamaterials" [2] [3] [4] [5] , are artificial materials that possess an anisotropic dielectric tensor which is indefinite (it possesses both positive and negative eigenvalues) [1] . For example, uniaxial IPMs with a symmetry axis z have the permittivity tensor where Re(ε  )•Re(ε || ) < 0. Several approaches to making IPMs have been suggested and experimentally realized, including layered structures consisting of interleaved positive and negative permittivity layers [6] [7] [8] [9] and metal-filled porous materials [10] . IPMs exhibit many remarkable and unusual optical properties such as negative refraction [6, 7, 11] , near-field focusing [12] , and high-impedance surface reflection [1] . A number of other promising applications, e.g., to spatial filtering [13] , have been suggested. But the most exciting applications like super- [14] [15] [16] and hyper-lensing [2, 3] exploit IPM's unusual property of supporting sub-diffraction (i.e., much shorter than the vacuum wavelength of light) electromagnetic waves. Unlike conventional positive-permittivity materials capable of transporting only diffraction-limited electromagnetic waves with wave numbers k  nk 0 = 2πn/λ 0 (where λ 0 is vacuum wavelength and n is the refractive index), IPMs can support propagating subdiffraction waves defined as electromagnetic waves with wave numbers k >> k 0 = 2π/λ 0 . In addition to super-and hyper-lensing, sub-diffraction waves are responsible for a variety of exotic phenomena. It has been recently demonstrated [10] that sub-diffraction waves can dramatically enhance the photonic density of states and increase the spontaneous emission rate of an emitter placed inside or in close proximity of an IPM. Ultrahigh Purcell factors [17] that can be attributed to IPMs open the route to radiative decay engineering and, potentially, single-photon sources [18] . Another recent counter-intuitive theoretical result [13] is that, in the case of an IPM with Re(ε  ) > 0 and Re(ε || ) < 0, sub-diffraction waves can propagate through it whereas the diffraction-limited waves are non-propagating/evanescent. This unusual and so far experimentally unproven phenomenon has been referred to [13] as the anticutoff.
Probably the most famous example of a layered indefinite permittivity material is the superlens consisting of just a few layers [14] [15] [16] 19, 20] or many layers [8, 9, 21] which can be used for high-resolution imaging. Conventional imaging uses regular (non-IPM) materials, and small object features are lost because of sub-diffraction wave evanescence. However, IPMs may enhance sub-diffraction waves, thus retaining small image features [19, 20, 22] . Formally, a lossless superlens corresponds to || 0,
Sub-wavelength imaging in IPM structures is not limited only to near field. Such devices as far-field superlens [23] , hyperlens [2, 3, 24] , hypergrating [25] , and periodic metal-dielectric structures [8, 9] have been proposed and experimentally demonstrated. All of them allow subwavelength far-field imaging that relies on the property of IPMs to propagate sub-diffraction waves without evanescence.
Despite all the attention devoted to IPMs, there have been no reported experiments aimed specifically at understanding the propagation of the sub-diffraction waves through them. As a result, some of the experimental observations still remain puzzling. For example, in the midinfrared part of the spectrum (which is the focus of this paper), a record λ/20 resolution was observed [14] at the superlensing wavelength λ s corresponding to
Electric field strength (amplitude and phase) on the imaging side of the superlens was recorded at various wavelengths λ using a near-field scanning optical microscope (NSOM). The sharpest amplitude images were recorded at λ = λ s . In addition to the amplitude profiles of the imaged objects (holes in a metal screen), phase images were also recorded at different wavelengths λλ s . It was found that the phase contrast vanished at λ = λ s and intensified away from λ s , with the sign of the phase contrast changing as the wavelength was tuned from the red side of the superlensing wavelength (λ > λ s ) to the blue side (λ < λ s ). While the fundamental physics of this phase contrast effect remains to be fully explained, its practical implications are clear: the combination of phase and amplitude imaging can extend the wavelength range where sub-diffraction imaging by a superlens is possible. The purpose of this paper is to understand the amplitude and phase characteristics of radiation propagating through indefinite permittivity materials, with the special emphasis on sub-diffraction wave propagation. This includes the first experimental demonstration of the anti-cutoff [13] phenomenon and the negative index of the sub-diffraction waves propagating under the anticutoff condition.
While diffraction-limited waves can be easily launched into an IPM at any incidence angle [6, 7] , launching sub-diffraction waves is more challenging. There are two common ways to launch sub-diffraction electromagnetic waves with well-defined values of k inside IPM: using a prism [22] or a diffraction grating [20] . Prisms launch waves with unique values of k, but its magnitude is limited by the prism's index of refraction. Because of the lack of index-matching fluids in mid-IR, the optical interface between the prism and the IPM presents a challenge to this technique. The approach adopted for our experiments is to use a diffraction grating [20] with period d 1 , fabricated on the front surface of the IPM. We will refer to this grating as an object grating (OG). As illustrated by the inset to Fig. 1(b) , a set of Fourier harmonics of order m = 0, ±1, ±2… can be launched into an IPM using a laser beam with the wavelength λ incident at an angle θ i . The wave vectors of these harmonics along the IPM's interface are given by 

When the OG's period d 1 << λ, sub-diffraction waves correspond to m = ±1, 2…, while the diffraction-limited waves correspond to m = 0. Detecting sub-diffraction waves is yet another challenge. In order to be measured, the large-k electromagnetic excitations inside the IPM sample have to be converted to propagating waves. This can be done by the second diffraction grating acting as a diagnostic grating (DG) [20, 23] . The resulting propagating radiation can be detected and measured in the far field as described below.
In the rest of the paper we describe the results of measuring amplitude and phase characteristics of both sub-diffraction and diffraction-limited waves launched into a multilayer IPM consisting of materials with positive and negative dielectric permittivities. By conducting experiments over a wide spectral range (10.7 µm < λ < 11.3 µm), we investigate the two possible types of IPMs: Type 1 with Re(ε || ) > 0 and Re(ε  ) < 0 corresponding to λ<λ s 10.97 µm and Type 2 with Re(ε || ) < 0 and Re(ε  ) > 0 corresponding to λ > λ s . We show experimentally and theoretically that Type 1 IPMs support propagating diffraction-limited and sub-diffraction modes waves, with the former dominant in transmission, and both types of waves have a positive refractive index. On the other hand, the Type 2 IPMs do not support propagating diffraction-limited waves while supporting the propagating negative-index subdiffraction waves. For that reason, sub-diffraction waves become comparable in transmission to diffraction-limited waves. The relative intensity of the sub-diffraction and diffractionlimited waves changes by over an order of magnitude in transmission as the wavelength is swept from the spectral region corresponding to the Type 1 IPMs to that of the Type 2 IPMs. This measurement constitutes the first experimental demonstration of the recently predicted [13] anti-cutoff phenomenon. A novel interferometric technique utilizing two detectors and an optical delay line is used to measure the relative phase advance between the sub-diffraction and diffraction-limited waves as they propagate through the IPM. It is shown that this phase difference changes sign at the superlensing wavelength λ = λ s . We conjecture that this change of the phase difference at the superlensing wavelength explains the sign change of the phase contrast in the recent superlensing experiments [14] .
Propagation of radiation through the IPM sample: Theory
The investigated IPM is a symmetric structure consisting of SiO 2 -SiC -SiO 2 layers (205 nm, 410 nm, and 205 nm thick, respectively). The components ε || and ε  of the dielectric permittivity tensor of the resulting multi-layer film are [26] . Both ε || and ε  are strongly frequency-dependent. Figure 1 (a) plots the real and imaginary parts of ε || and ε  . As follows from Fig. 1(a) , the transition from Type 1 to Type 2 IPM occurs at the superlensing wavelength λ s 10.97 µm defined as the wavelength where the real parts of the permittivities of SiC and SiO 2 are equal and opposite: where the k || and k  are the components of the wave vector parallel and normal to the interface, respectively. [20] . However, in that case all modes scattered into vacuum from the IPM propagate along the same direction coincident with the incidence direction. Therefore, it is impossible to differentiate between the sub-diffractive m = 1 mode and the diffraction-limited m = 0 mode in the far field. However, if the period of the diagnostic grating is slightly different from the object grating (d 1 d 2 ), then each m th sub-diffraction mode scattered by the n th order diffractive scattering on the DG is "released" into the far field into its unique angular direction θ mn given by nd and 3 rd order modes respectively, both when they are inside the IPM and after they have been coupled into the far-field by the diagnostic grating.
It is instructive to examine the propagation of these modes inside the Type 1 and Type 2 IPM. Figure 1(b) shows the spectral dependences of the real and imaginary parts of the perpendicular component of wave vector k  for the first three modes (one diffraction-limited and two sub-diffraction modes). For the Type 1 IPM, both sub-diffraction and diffraction-limited waves are propagating, with Re(k  ) > 0. The sign of k  is chosen so that the sign of the imaginary part of k  is positive, indicating that the wave is decaying in the direction away from the interface and into the IPM. More intuitively, the sign of k  can be chosen by examining the expressions for the time-averaged components S  and S || of the Poynting flux inside the IPM given by: (2) where H 0 is the amplitude of the magnetic field. Because S  must point away from the object grating, the sign of k  must coincide with that of ε || , i.e., positive for the Type 1 IPMs. After a single-pass through the IPM, all propagating modes advance their phases by
where l = 820 nm is the thickness of the sample. It follows from Eq. (2) Fig. 2 (λ=10.7 µm), negative ε  implies that S || and k || have opposite signs causing negative refraction at the interface between the IPM and vacuum because k || must be continuous across the boundary. This is known as negative refraction, and has been experimentally observed [6, 7] for diffraction-limited waves in Type 1 IPM. Negative refraction should not be confused with negative refractive index in the propagation direction normal to the interface which, for the Type 1 IPM, is indeed positive as explained above. The situation changes dramatically for the Type 2 IPM: diffraction-limited waves satisfying 0 < Re(k || 2 /ε  ) < ω 2 /c 2 become evanescent, i.e., 0 k  is mostly imaginary. That is the main reason why this type of IPM has not been experimentally explored so far: light incident on the IPM is mostly reflected [6] . On the other hand, sub-diffraction waves satisfying   The directions of Poynting flux and the wave-vectors inside the IPM for 0th and 1st Fourier orders at 10.7 µm (Type 1 IPM) and 11.3 µm (Type 2 IPM) are illustrated by Fig. 2 . At 10.7 µm, the refraction angle for the diffraction-limited wave is negative (negative refraction), while its wave-vector has a positive projection on propagation axis (positive index). At 11.3 µm, the diffraction-limited wave is essentially evanescent, so no Poynting vector is drawn. However, the 1st Fourier harmonic can propagate, and the projection of its wave-vector is negative (negative index).
Fabrication of the IPM sample
IPM fabrication began with growth of the 410 nm 3C-SiC film on a 400-µm thick Si(100) substrate. Growth was carried out using a two-step atmospheric pressure chemical vapor deposition: substrate carbonization under propane at 1150°C was followed by epitaxial growth using a silane/propane mixture at 1350°C [28] . The growth rate was 3 µm/h. SiC thickness was verified with a Woollam ellipsometer. The silicon side of the SiC/Si wafer was then protected by 6 µm SiO 2 hard mask. A set of 1 mm x 1 mm square openings were fabricated by laser ablation. The entire 400-µm silicon layer was etched in 80°C 35% KOH, forming a set of suspended 410 nm SiC membranes [11] . The anisotropic KOH etch resulted in 350 µm x 350 µm membranes. A 205 nm layer of SiO 2 was deposited (via PECVD) on each surface of the SiC membrane, completing the tri-layer IPM. The dielectric permittivity of SiO 2 was obtained from Ref [29] , while that of SiC was calculated from a least-square minimization routine fit to spectral transmission and reflection [20] through the SiC membrane before SiO 2 deposition. The resulting SiC permittivity is given by the standard polaritonic formula [30]   
where the infinite-frequency permittivity ε  =6.5, the longitudinal optical phonon mode ω LO =972 cm 1 , the transverse optical phonon mode ω TO =796 cm 1 , and SiC damping Γ=3.75 cm 1 .
The object and diagnostic gratings were fabricated by evaporating 100 nm of Au on both surfaces of the IPM, followed by focused ion beam milling of the two sets of periodic slits in Au films. The periods and slit widths of the fabricated gratings are given as follows: d 1 =2.64 µm and w 1 =1.1 µm for the OG and d 1 =2.84 µm and w 1 =0.8 µm for the DG. The milled gratings cover a 300 µm x 300 µm area. Figure 3 
Intensity measurements: Experimental set-up and results
For complete characterization of radiation propagation through the IPM, both intensity and phase measurements have been performed. We start with the description of intensity measurements. Figure 4 shows the set-up for measuring the intensity of transmitted radiation. Fig. 4 . Experimental set-up for intensity measurements: the incident laser beam scatters at the object grating and launches diffraction-limited (0th order) and sub-diffraction (higher order) electromagnetic waves into the IPM. These modes are scattered into the far field towards the detector by the diagnostic grating.
Radiation from a line-tunable isotope-filled 13 CO 2 laser was focused by 15 cm focal length ZnSe lens (300 µm spot size) onto the sample. The laser operates in the 10.67 µm-10.85 µm (R-branch) and 11.03 µm-11.31 µm (P-branch) spectral ranges that conveniently coincide with Type 1 and Type 2 IPMs, respectively. Transmitted radiation was detected by a room temperature MCT detector positioned on a rail perpendicular to the laser beam. This arrangement enabled us to measure the intensities of the different Fourier harmonics of the object grating released into the far-field at different angles θ m . A lock-in amplifier was used to improve the signal-to-noise ratio. Intensities of 0 th (diffraction-limited) and ±1 st , ±2 nd (sub-diffraction) Fourier harmonics of the object grating were measured at the wavelengths accessible by our 13 CO 2 laser in the 10.7 µm < λ < 11.3 µm spectral range. All signals were corrected for the different distance from the sample to the detector and normalized to the signal from the incoming radiation with no sample. Absolute transmission coefficients for these modes are plotted in Fig. 5(a) , while the same transmission coefficients normalized to that of the diffraction-limited 0th mode are plotted in Fig. 5(b) . The line-tunable CO 2 laser (blue symbols) was used for measuring the absolute transmission of the diffraction-limited order (0th harmonic) as shown in Fig. 5(a) , and a broadband thermal source (FTIR, solid blue line) was used to confirm the laser experiment, showing excellent agreement. Transmission through the Type 2 IPM is almost an order of magnitude smaller than through the Type 1 IPM, which is expected because diffraction-limited waves are evanescent in the former but propagating in the latter, as depicted in Fig. 1(b) . On the other hand, sub-diffraction waves (1st and 2nd Fourier components of the object grating) are propagating in both types of IPMs. That explains why the ratio of 1 st to 0 th order harmonics changes from 0.02 at 10.7 µm to 0.4 at 11.31 µm, which is a factor of 20 enhancement. Next, phase characteristics of wave transmission through the IPM were investigated. When a sub-diffraction or diffraction-limited wave propagates through the IPM, it acquires the phase φ m given by Eq. (3). The standard approach to measuring this phase is interferometry: a reference beam interferes with a beam that interacts with the sample. The result yields φ m if the relative phase of the incident and reference beams is known. This relative phase difference depends on the geometric path difference and can be difficult to accurately measure and control. Recently, a new method of measuring the absolute phase in heterodyne-detected transient grating experiments has been introduced [31] . We used this type of approach to measure phase shifts between 0 th and 1 st Fourier orders φ 0  φ 1 . The experimental set-up is schematically illustrated in Fig. 6 : the IPM is installed inside a MachZehnder interferometer which consists of two beam arms. One beam passes through a delay line which adds a variable amount of phase relative to the non-delayed beam. The sample is aligned such a way that the 0th order mode produced by the delayed beam being transmitted through the IPM is collinear and coincident with the 1 st order mode of the non-delayed arm. The intensity of these interfering beams is measured by Detector 1. The electric field incident on Detector 1 is 
